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Unit 7: Spatial Visualization and Representations

Transition to College Mathematics and Statistics (TCMS) consists of eight coherent and focused units
with deliberate connections among topics across units. Each unit is comprised of two to four problembased, inquiry-oriented, and technology-rich multi-day lessons. Each lesson consists of two to four related
investigations emphasizing mathematical modeling and important mathematical practices and habits
of mind.
Units culminate with a “Looking Back” lesson intended for students to review and synthesize their
understanding of key ideas developed in the unit. As such, the following “Looking Back” lessons for each
TCMS unit provide potential users an overview of our approach to important mathematical ideas and the
expectations and nature of collaborative student work. Preceding each “Looking Back” lesson is the table
of contents for the unit.
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LESSON

4 Looking Back

In this unit, you developed skill in interpreting and representing surfaces in three dimensions. In the
process, you investigated the usefulness of contour diagrams and cross sections as means to represent
and analyze complex three-dimensional shapes.
The introduction of a three-dimensional coordinate system enabled you to explore and formalize
analogs of important geometric ideas in two dimensions including distance, symmetry, and graphs of
linear equations and systems of linear equations. Although three-dimensional graphing software
enables you to quickly produce graphs of three-dimensional surfaces, being able to visualize the cross
sections and intercepts is essential in interpreting the images and judging their reasonableness.
You also learned how to solve linear programming problems in two dimensions and extended
those ideas to three dimensions. In the latter case, you had numerous occasions to employ
mathematical practices, especially those of modeling with mathematics and of strategically selecting
and using technological tools to aid in the solution of problems.
In this final lesson, you will review and consolidate your understanding of these key concepts
and skills.
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The York Pond Trail and the Kilkenny Ridge Trail in the Mahoosuc Range of the White
Mountains National Forest meet near Willard Notch. Use the map below to help complete the
following tasks.

a. What do the three sets of closed curves in the center portion of the map represent?
b. Describe the terrain along the Kilkenny Ridge Trail from Mt. Waumbek to Willard Notch.
Include the length of the section of trail and high and low altitudes.
c. Describe the terrain along the York Pond Trail.
d. Visualize a relief line from the Mt. Weeks peak with altitude 3,885 feet to the peak with
altitude 3,684 feet. Sketch the vertical cross section along this line.
e. Explain why the contour lines in this map and those in other contour diagrams in this unit
never cross each other.
Complete the following tasks in the context of a three-dimensional coordinate system.
a. Suppose you are standing above the xy-plane at the point P(5, 8, 3) and looking at the point
Q(1, –3, 5). Are you looking up or down? How far is point Q from point P?
b. Describe the set of points whose distance from the y-axis is 4. What equation describes this
set of point(s)?
c. Which of the points A(3, 1, –2), B(2, –3, 0), or C(–10, 0, 0) is closest to the yz-plane? Which
point(s) are on the xy-plane?
d. Find the equation of a sphere with radius 5 centered at the origin. What is the equation of a
congruent sphere with center at (1, –3, 2)?
e. For the sphere in Part d with center at (1, –3, 2), is the point (–2, 2, –2) on the sphere, in its
interior, or in its exterior?

76

UNIT 7 • SPATIAL VISUALIZATION AND REPRESENTATIONS

Copyright 2014. All rights reserved.

Consider the plane with equation 6x + 4y + 3z = 24.
a. Sketch the plane.
b. How would you describe the horizontal cross sections of this plane?
c. Write the equation of a plane parallel to the given plane.
d. Write the equation of a plane that intersects the given plane at its yz-trace.
Solve the following system of equations by hand using a method of your choice. Then check the
solution by solving the system using a technology tool. Correct any mistakes.

" !x + y + z = 3
$
! z= 1
# 3x
$ 2x ! 3y ! 4z = !2
%
Walt Armstrong is one of two candidates
in the fall election for sheriff of Lenawee
County. His election committee plans to
promote the candidate through television,
radio, and the local online newspaper.
Electorate estimates, media costs, and
maximum media ads are subject to the
conditions given below.
Conditions
Expected number of
electorate reached per ad
Cost per ad
Maximum media ads

Television

Radio

Online Newspaper

100,000

18,000

40,000

$2,000

$300

$600

10

20

10

The campaign media budget is $18,200. To ensure a balanced media campaign, radio ads are not
to exceed 50% of the total number of authorized ads. Also, television is to account for at least
10% of the total number of authorized ads.
a. The election committee wants to maximize the number of electorate reached by the ad
campaign. Write the objective function and six constraint inequalities described above.
b. How many candidate ads should run on each medium to maximize the electorate reached?
What is the total electorate reached?
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Summarize the Mathematics
In this unit, you strengthened your visualization, geometric reasoning, and algebraic skills
and learned new methods for representing and analyzing surfaces. This included extending
coordinate methods of a plane to three-dimensional space.
Describe how altitude or depth data can be used to draw a map displaying contours of the
surface of a region. What other types of data can be displayed using contour diagrams?
Compare the manner in which the following ideas are represented or determined in a
two-dimensional coordinate system and in a three-dimensional coordinate system.
i. point

ii. distance between two points

iii. midpoint of a segment

iv. plane

v. graph of a linear equation

vi. symmetry with respect to the x- and y-axes
(with respect to the xy-, yz-, and xz-planes)

What strategies would you use to sketch a graph or check the reasonableness of a
technology-produced graph of a three-dimensional surface represented by a linear equation in
three variables? In two variables?

! ax + by + cz = d
#
Consider systems of linear equations like: " ex + fy + gz = h
# px + qy + rz = s
$
i. What are the possible numbers of solutions for such systems? How are those possibilities
illustrated in graphs of the systems of equations?
ii. What methods can be used to find the solution(s)?
iii. What are the key steps in the application of each method?
iv. How do you decide which method to use in a particular case?
Describe the roles played by the following elements of linear programming problems.
i. constraints

ii. feasible region

iii. objective function

In a linear programming problem represented in a two-dimensional coordinate system, where
in the feasible region will the objective function have its optimum (maximum or minimum)
value? Why does this make sense? What if the problem required a three-dimensional model?
Be prepared to share your descriptions and thinking with the class.

Write, in outline form, a summary of the important mathematical concepts and methods developed in
this unit. Organize your summary so that it can be used as a quick reference in future units.
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