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Unit 3: Counting Methods

Transition to College Mathematics and Statistics (TCMS) consists of eight coherent and focused units
with deliberate connections among topics across units. Each unit is comprised of two to four problembased, inquiry-oriented, and technology-rich multi-day lessons. Each lesson consists of two to four related
investigations emphasizing mathematical modeling and important mathematical practices and habits
of mind.
Units culminate with a “Looking Back” lesson intended for students to review and synthesize their
understanding of key ideas developed in the unit. As such, the following “Looking Back” lessons for each
TCMS unit provide potential users an overview of our approach to important mathematical ideas and the
expectations and nature of collaborative student work. Preceding each “Looking Back” lesson is the table
of contents for the unit.
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LESSON

4 Looking Back

In this unit, you have learned useful counting strategies, including systematic lists, counting trees, the
Multiplication Principle of Counting, the Addition Principle of Counting, and careful analysis of
order and repetition when counting the number of choices from a collection. You have developed and
applied formulas for counting permutations and combinations, and you have started to develop a new
type of mathematical reasoning—combinatorial reasoning.
These strategies and skills enable you to solve counting problems both within and outside of
mathematics. Outside of mathematics, you encountered applications of counting in many contexts.
Within mathematics, your work led to several important results that have wide-ranging applications,
including the Binomial Theorem, Pascal’s triangle, and the General Multiplication Rule for
probability. In this final lesson, you will review and pull together all these ideas and apply them in
new contexts.
DNA is part of every cell in every living organism. DNA in
humans is arranged into 24 distinct molecules called
chromosomes. Each chromosome is a pair of intertwined
chains twisted into a spiral. Each spiral consists of a long
sequence of pairs of bases. Each base is one of four
chemicals: T (thymine), C (cytosine), A (adenine), and
G (guanine). The order of the base chemicals determines the
instructions, the genetic information, embedded in the DNA.
(Source: www.ornl.gov/sci/techresources/Human_Genome/
project/info.shtml)
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a. You have probably seen news reports or TV shows in
which DNA is used to uniquely identify people. There
are only four base chemicals that make up DNA, and yet
there are so many sequences of these bases that no two
people have exactly the same DNA. According to the
Human Genome Project, there are about 3 billion DNA
base pairs in the human genome, that is, in all of the
24 distinct chromosomes. Each chromosome has from
about 50 million to 250 million base pair locations.
i. A base pair is a pair of the base chemicals: T, C, A,
and G. How many base pairs are possible? (The pair
CG is different than the pair GC since C is on one
chain in the twisted spiral in one case and on the
other chain in the spiral in the other case.)
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ii. Suppose one chromosome has 120 million base-pair locations. So, there are 120 million
locations for pairs of base chemicals to occur. How many different sequences of base
pairs are possible for this chromosome?
b. Not all regions of a chromosome directly encode genetic information. Those regions that do
are the functional units of heredity, called genes.
i. Genes comprise only about 2% of the human genome, that is, about 2% of the roughly
3 billion base-pair locations in the human genome. How many base-pair locations is this?
ii. It is estimated that there are about 22,000 different genes. Suppose a given gene has
about the average number of base-pair locations. How many base-pair locations are in
this gene?
iii. How many different sequences of base pairs are possible for this gene? Compare this
number to an estimate of the number of atoms in the universe.
Examine the following information from a state lottery ticket where each play costs $1 including
sales tax.
How to Play

To play, choose two numbers from 1 to 21 from each section
(Red, White, and Blue).
How to Win

Every day, two numbers will be drawn from each of three
colored ball sets (Red, White, and Blue). Each set has 21 balls
numbered from 1 to 21. To win a prize for the following
matches, you must match both number and color.
Match

Prize

Number of Winning Choices

6

$1,000,000

1 (out of 9,261,000)

5

$5,000

114 (out of 9,261,000)

4

$100

4,845 (out of 9,261,000)

3

$5

93,860 (out of 9,261,000)

2

$2

828,495 (out of 9,261,000)
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a. Verify at least two of the entries in the column entitled “Number of Winning Choices.”
Explain your reasoning and show your calculations.
b. Determine the probability of each of the different types of matches. State the probability
definition that you are using and explain why it is appropriate to use in this situation.
c. Do you think a state lottery like this is an effective way for the state to make money? Do you
think it is an effective way for players to make money? Explain.
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An international relations committee consists of five Democrats, six Republicans, and four
Independents. Some of the committee members will be selected to attend an economic
conference in Africa.

a. Suppose three members will be chosen to attend the conference. How many different groups
of three people can be chosen?
b. How many groups of three people can be chosen if the group must contain exactly one
Democrat?
c. Suppose three people will be chosen for the conference and each will take on a role that
could be filled by anyone—one will attend all meetings at the conference related to banking,
one will attend all meetings related to energy, and one will attend all meetings related to
water. How many different role-specific groups of three people can be selected?
d. Suppose that due to budget cuts, only two members will go to the conference. The two
members will be chosen at random. What is the probability that both members chosen are
Republicans?
e. Think of another counting problem that might arise in this situation. Pose the problem and
give the solution. Compare your problem and solution with those of some other students.
Consider a club of 10 students. Without doing any computations, explain why the number of
possible committees of size 6 is equal to the number of possible committees of size 4.
The following identity exhibits several connections among combinatorial ideas.
C(n, 0) + C(n, 1) + … + C(n, n) = 2n (n ≥ 0)
To discover some of these connections, complete at least two of the following parts.
a. Explain how this statement appears as a pattern in Pascal’s triangle.
b. Use the Binomial Theorem to justify this statement.
c. Use combinatorial reasoning about the number of subsets of a set with n elements to justify
this statement.
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Summarize the Mathematics
In this unit, you have investigated many situations where systematic counting methods and
combinatorial reasoning are useful.
Below is a list of some of the combinatorial ideas you have studied. Add other important ideas
and topics to the list. Then give a brief explanation and describe an application for each topic
on your list.
•

Multiplication Principle of Counting

•

Permutations

•

Combinations

•

Combinatorial Reasoning

•

Binomial Theorem

•

General Multiplication Rule for Probability

Why are order and repetition important when deciding how to count the number of possible
choices from a collection? How are these ideas related to permutations and combinations?
Describe at least one counting application in each of the following areas of mathematics:
algebra, probability, and geometry.
How are Pascal’s triangle and the Binomial Theorem related to each other and to the ideas of
counting?
Be prepared to share your applications and thinking with the class.

Write, in outline form, a summary of the important mathematical concepts and methods developed in
this unit. Organize your summary so that it can be used as a quick reference in future units.
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